KY THI CHQON HQC SINH GIOI QUOC GIA
TRUNG HQC PHO THONG NAM HOC 2025 - 2026

Mbén: TOAN

Thoi gian 1am bai: 180 phit (khong ké thoi gian giao dé)
Ngay thi thw nhat: 25/12/2025

D& thi gdm 01 trang, c6 04 cau

Cau 1 (5 diém). Vi mbi sb nguyén duong n, xét da thirc B (x)=x"=3.4"1x" 2%

a) Chimg minh F,(x) c6é ding mot nghiém thyc duong, ki hiéu 12 a,.

b) Dat b, = L va ¢, =b +b,++b, Ching minh day sb (c, ):o:l c6 gidi han htu han.

n

Cau 2 (5 diém). Dé kham pha khong gian, cac nha khoa hoc thudng phai quan sat nhitng vat
thé xa x6i nhu sao chdi, tidu hanh tinh va cac hién twong thién vin khac. Nhim muc dich dé,
céc nha khoa hoc thiét ké va phéng céc vé tinh quan sat 1én qu§ dao quanh Trai Dat. Hiu hét
céc vé tinh khong chuyén dong theo vong tron hoan hdo ma ¢é quy dao la mot dudng elip, voi
" Trai DAt nim & mét trong hai tiéu diém cua elip. Khi mét vé tinh chuyén dong trén qu§ dao elip,
khoang c4ch gifta né va vt thé cin quan sét lién tuc thay doi. Thong thuong, néu khodng cach
tir vé& tinh dén vat thé cén quan sat 14 ngén nhét thi céc thiét bj cam bién trén v¢ tinh s& nhén
duge tin higu t6t nhét.

Cho mdt vé tinh (dugc xem nhu 12 mét chat diém) chuyén dong xung quanh Trai Pt theo
quy dao la mot duong elip. Trong khong gian véi hé truc toa dd vudng géc Oxyz (don vi trén
mdi truc Ox, Oy, Oz ddu bang 6400 km), gia st vé tinh chuyén dong trén mit phfmg toa do
(Oxy) theo qu§ dao c6 phuong trinh 1a x* +3y* =17. V& tinh cin quan sat mot vat thé (cling

dugc xem nhu 14 mot cht diém) chuyén dong trong khéng gian. Theo cac két qua nghién cir,
C A A A N A : r 16 PN ’ A A L 1N LA A ~ )
khi vat thé chuyén dong dén vi tri A(Z;ﬁ ;8] thi vi€c quan sat vat theé dé 1a tot nhat. Hay xac

dinh toa d6 diém C (trén quy dao elip cua vé tinh) trong khong gian vGi hé truc toa d6 Oxyz
n6i trén sao cho khoang cach tir vitri C dén viti 4 1a ngén nhét.

Cau 3 (5 diém). Cho n,a,b 1a céc sb nguyén duong théa min 1<n® <a<b<n® +n+3. Tim
tAt ca cdc udc nguyén duong thudc khoang (n2 n’ +n+ 3) clia tich ab.
Cau 4 (5 diém). Ban An choi trd choi ghi 1&n bang céc bo ba s6 theo thu tu tr trai sang phai.
Ban déu trén bang ghi s&n bo ba sb (1,1,1). O mdi lugt choi, An thyc hién mét trong hai thao
tac sau v&i bd ba sb (x,»,z) hién c6: }
(i) X6abd basd (x,y,z) va viét 1én bang bd ba s6 (y,z,x +2z).
(i) X6a bd ba s6 (x,y,z) va viét 1én bang bo basé (x+z+1,x+y+z+Lx+y+2z+ 1).

a) Chting minh An cin ding 4 lugt choi dé c6 thé viét 16n bang bo ba sb (a,b,6).

b) Tim s6 tu nhién & nho nhét sao cho tdn tai mot cach choi dé sau £ luot, An c6 thé viét
1én bang b ba s6 (c,d,129).

* Thi sinh KHONG dwge sir dyung i lidu va mdy tinh cam tay;
* Gidm thi KHONG gidi thich gi thém.
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N§i dung

Ta ¢6 P(x)=x"-3-4""x"-2"" lien tyc trén R. Vi P(0)=-2"7"<0 va
‘1_1)1& P (x) =+ nén P,(x) co it nhét mot nghiém dwong a,.
Xét P (x)=x"=3-4""x" =27 trén (0;+0).
Tacd P!(x)=3m"" —=3n-4""'x"", Vx e (0;+0);

Pl(x) =0 x=X/a"",
Suy ra P,(x)>0 v6i moi xe (2<’/4'T;+oo) va Pl(x) <0 v6i moi xe (O;ZW). Két hop
véi P (0)=-2"" <0, suyra P,(x)=0 c6 khong qua mdt nghiém duong.

Vivay P,(x) c6 ding mdt nghiém dwong v6i moi n2>1.

Tacé P (2)=2"">0 véi moi n=1. Suy ra P,(0)F,(2) <0. Vi vy, F,(x) cb ding mdt
nghiém duong thue [0;2]. Pit x=24/cosp, 0< @< 12’- Khi d6

x3n '—3‘4"—1)(?” =23n—3 o 23;1—3 (80033 ¢—6COS¢—1)=O

Vi 03405125 nén qozg. Tanhén duge a, =2;1/cos—;£. Vivay 0<a, <2 nén b, >0 véi

:  axe a 7 VR bt
moi n. Suy ra (c,) la ddy ting. Ta c6: g, =2(0085) . Vie'21+x véi moi xeR
nén A =e™ >1+xInA véimoi xeR va 4>0.

; |
Ap dung bét dang thiic trén cho 4 = cos% va x=—, ta nhin dugc
n

1

T \n 1 T
cos——) >1+—Incos—.
9 n 9

DAn t6i

2—a,=2 1—(cos-7—z~ "l<2 1—(1+—1—lncos£j =—zlncosﬁ véi moi m.
9 n 9 n 9

2=a

2 V.3
L<——Incos—, Vn2>1.
2
n n 9

Vivéy b, =




Suy ra

1
g, =by+ b, =t b, S~21ncos% 1+21—2+§17+---+—2]

<-2Incos— 1+—1-+ : 4+t 1
9 1.2 2.3 (n—=1)n

= —~2lncosE 2——1— <—41ncos£
9 n 9

£.5 * " @« |4 4 n 7 & w0 4 ¥ s ~
v6i moi n. Nhuvdy (c,)” bj chin trén. Do do (c,),, c6 gidi han hitu han.

2 Goi B 1a hinh chiéu ctia A trén mit phing (Oxy).

(5,0 Tacbo B(2 \I;_,Oj.
diém) 3

Vitri C trén quy dao clia vé tinh dé quan st vat thé tai vi trf A

rd nhit khi AC ngén nhdt. Ma AC ngén nhét khi BC ngin

nhit. Bai todn trd thanh: Tim vi ti diém C tén elip

(E):x*+3y* =17 sao cho BC ngin nhét. C

Goi toa d6 diém C 1a C(x;y;0). Tacd

16 Y 268
BC2= x——22+[y-——) :x2+y2 x__);+__
i e 7
Tacé dx=2-x32- \/5 <2x* +2. Déu déng thirc xdy ra khi x=1.
32 64 4
Tacd —=y=2-2 <4y’ +—— Déu déng thiic xay ra khi y =
\/g 'y Y \/— y J \/5
32 268 2 2
Do dé BC =x*+ )’ —dx——=y+—2—(x" +3y" )+ 66 =49.
\/5 Y 3 ( Y )
Déu déng thirc xay ra khi x=1, y = 2, Vay tai diém C(l et OJ thi AC' ngén nhét
4 3 A\/§ L g " - ] ﬁ b b
3 Goi ¢ 1a wéce nguyén duong thude khoang (n2 N+ 3) cua tich ab.

(5,0 *) ¢ = a: thda mén didu kién bai toan,
diém) *) ¢ =b: thda mén didu kién bai todn.

Gia sit ¢ #a, ¢ #b. Ta s& chimg minh c6 diéu vé ly.

Pit a=n’+iib=n’+j;c=n*+k (1<i,j,k<n+2, k=i, k#jvai<j)
Vin®=-k (mod n2+k) nén ab:(n2+i)(n2+j)E(i—k)(j~k) (mod }12+/c).
Vi c=n* +k lawée cia ab nén (i-k)(j—k)i(n® +k).

Do |i—k|z1, |7 =k|=1 nén |i—k|-|j- k> n* +k>n’.

e Xét1<i<j<n+l:

Néu 1<k <n+1 thi 1<|i—k|<n, 1<|j—k<n=|i—k||j-k|<n’. Diéunay vdly.
Néu k=n+2:

+)Khi 2<i<j<n+1 thi |i~k|=n+2-i£n, |j—k|=n+2—j£n—1




= |i—/c|~|j—k|£ n(n—1) <n®. Didu nay 1a vo ly.
+H)Khi i=1 thi |i—k|=n+2-1=n+l.
Néu ;>3 thi |j—k|=n+2~j$n—1:>|i—k|-|j—k|_<_(n+1)(n—1)<112. Didu nay vo ly.
Néu j=2 thi |j—k|=n+2—j=n =p |i—k|-|j—k]=(n+1)n ' n? +n+2. Didunay vo ly.
e Xét j=n+2:
Néu k22 thi [i-k|<n+1-2=n-1, |j—k|=n+2-k<n
= |i—k|-|j - k| < n(n—1) <n’. Diéu nay vo ly.
Néu k=1 thi |i—k|=i-1, |j—k|=n+1=|i-k|-[j—k|=(G-D0r+1).
Suyra (i—-D(n+)2n*+1 = i=n+l
= nn+1) i +1= n-1in*+1 = n-12>n’+1. Diéunay vo ly.
Do d6 khong ton tai wéc nguyén duong ce(n2;112 +n+3) cua tich ab ma c#a, c#b.

Viy tap hop céc u6c cia ab thda mén bai toén 1a {a;b}.

4

(35,0
diém)

a

Xét luot dAu tién, néu st dung thao tac loai 2 thi ta c6 bd sb (3,4,5) va tir ddy 36 ngoai
cung bén phai s& ludn tang it nhét 3 don vi nén khong thé viét dugc sb 6. Nhu vay luot du
An phai sir dung loai 1 va viét b sb (1,1,2).

T trang thai nay, néu str dung thao tac loai 2 s& ting s6 ngoai cling bén phai 1én it nhét 5.
Do d6, néu str dung thao téc loai 2 trong cac trang théi tiép theo thi An khong thé viét duoc
36 6.

Tém lai, An chi sir dung thao téc loai 1 va sau ding 4 luot choi, cdc bd sb trén bang lan
lugt 1a: (1,1,2) > (1,2,3) —>(2,3,4) > (3,4,6).

Xét dady so (ak) xac dinh boi: a; =a, =ay =1 v a5 =a;,, +a, véimoi k1.

k21
Nhén xét 1. Mot s0 nguyén duong n bat ky biéu dién dugc mot cach duy nhat dudi dang
2 e S AL il . : L o Ky 2 £
tong céc sO hang phén biét cua day (ak ) i>p > trong d6 chi sO cta hai s6 cach nhau it nhét 3
T A ;K \ \ . . A , M
don vi va khéng cé sb6 hang nao 1a g, a,. Ta chitng minh nhan xét bang quy nap manh.
Truong hgp n=1=a, : ding.
Gia st ménh d& dung véi moi s6 nguyén duong nho hon n. Goi a; 1 s6 hang véi chi so
7 A 2 ~ A X ) 2 1 3 3 r
k 16n nhat thod mén a, <n. Trong biéu dién clia » phai cé a;, vi bang quy nap ta c6
a_ +a_y +...<a,. Khi d6 xay ra 2 truong hop: hodc n=a, la biéu di&n duy nhat; hodc
A s 1t A X A X A v A :
n>a, va ton tai biéu dién cho n—a,. DEy rang s0 n—a, nho hon a,_,, vinéu ngugc lai
n>a, +a,_, =a,,, mauthuln véicach chon a,. Do dé, trong bicu dién ctia n—a, khong
, \ s R X 2 ~ A A
chira a, ,, a,_, va ta thu dugc bicu dién théa mén yéu cau cho n.
Vé&imoi n, biéudién n= > a;, trong Nhén xét 1 twong ing véi mot ddy nhi phan théa mén

ddng thoi 2 didu kién sau day:

|




1. Do dai cua diy bang k;, trong d6 k; la chi s6 16n nhét sao cho ay, <n;
2. Vitri tht &, (tinh tir trdi sang phai) nhén gia trf 1 néu va chi néu ay, c6 trong biéu
dién cua n.

Ta goi ddy nhi phén twong ung 1a biéu dién chuén va ky hiéu 1a 7.
Nhén xét 2. V6i mdi s6 ti nhién », xét biu dién n = Zaki vaanhxa f(n)= Zakl__,. Khi
d6, bd s6 trén bang s& ludn c6 dang (f(f(n)),f(n), n).
That vy, bo sb ban dau c6 dang (a4, a,,a;) =(f(f(l)),f(1),1). Gia str b sb (x,y,z)
thoa min 2=, 5, Y=, 0y, X =), 1a kiém tra c& hai loai thao téc d&u c6 bo s6 &
dang trén.

Véiloai 1,tacod f(x+2) =f(Z(aki+2 +ay, ))zf(Zak’H): Dy = 2

Véi loai 2, ta cé f(x+y+22+l)=f(2aki+5+a3):2ak‘_+4+a2=x+y+z+1, va

f(x+y+z+1)=f(Zak’,Jr4 +az)=Zakl_+3 +ay=x+z+1.

Nhén xét 3. Tir tinh todn & Nhén xét 2, thao tac loai 1 twong duong véi viéc thém mot 56
0 vao bén trai bidu dién chuén cia z trong (x, y,z) trén bang, con thao tac loai 2 tuong
duong v6i viée thém 001 vao bén tréi biéu didn chudn cua z.

Quay lai bai toén, dé y rang bo s6 ban dAu ta quy wéc 1a (a,,a,,a,) tmg véi biéu dién
chuén (100,010,001). Do d6, bai toan twong dwong véi vige tim & nho nhét dé sau &

buée thém 0 hodic thém 001 vao dudi ciia @, =001 dé duge 129.

Dén day, ta tinh dugc 15 s6 hang dau tién cta day (a,), ., 1a

1,1,1,2,3,4,6,9,13,19, 28, 41, 60, 88, 129.
Ta suy ra bidu dién chudn cta 129 1a 000000000000001, nén cAn ding 12 bién ddi loai 1.
Vay k=12.
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Mén: TOAN
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Pé thi gdm 01 trang, ¢6 03 céu

CAu 5 (7 diém). Cho tam gidc nhon ABC (4B < AC) ndi tiép duong tron (0). Goi E, F 1in
lugt 14 cac diém dbi xing cia A4 qua B, C. Goi M la trung diém ciia doan thidng BC. Trén
duong thing AM 14n luot l4y cac diém I va P sao cho tam gidc AIE cén tai I va tam giac
APF céntai P. Goi T la giao diém cua hai duong thing IE va PF.

a) Chimg minh 7' thudc dudng tron (O).

b) Goi D la giao diém cta hai dudng thdng BI va CP. Goi J 1a giao diém cuia hai duong
thing 7D va IP. Goi X la giao didm cua hai dwong thing OT va BC. Cac duong thing
AT, AX lan luot cit EF tai cac diém L, U. Chtng minh bén dudng tron ngoai tiép coa céc
tam gidc T4J, TIP, TEF va TLU cung di qua mot diém chung thi hai khac T.

Cau 6 (6 diém).

a) Tim sb nghiém thyc dwong phén biét cta da thic O(x) = x> —5x* +4x—1.

b) Gid st a, b, ¢, d 1a cac sb nguyén sao cho da thic P(x)=ax® +bx* + cx+d c6 3 nghiém
thyc duong phan bigt va khong c6 nghiém hitu ty. Tim gi4 tri‘ nhd nhét cta biéu thic
S = |al+[b|+]c|+|d]-

Cau 7 (7 diém). Trong mot trd choi, nhan vat Mario can di chuyén vé phia truéc bing cac lan
nhdy xa v6i d6 dai mdi 14n 12 1 mét hodc a mét hodc b mét, trong d6 a va b 1a céc s6 nguyén
dwong théa man 1< a <b. Cho truéc mot ching dudng cin di chuyén c6 do dai 1a m mét, véi
m 12 mot sb nguyén duong, Mario luén str dung chién thudt nhay vé phia trudc nhu sau: trude
tién Mario s& thuc hién céc 1an nhay véi do dai mdi 1An b mét (v6i sb 1an tdi da c6 thé sao cho
chua vuot qué dich); néu van chua téi dich, Mario s& thuc hién tiép céc lan nhdy véi do dai mdi
1An a mét (v6i s6 1an nhay t6i da sao cho chua vuot qué dich), roi cudi ciing 14 chuyén sang céc
lan nhay v6i mdi budc nhay 1a 1 mét. Mario s& théng néu khong tdn tai cach di chuyén nao dén
dich c6 sb 1an nhay it hon so v6i chién thudt trén. Trong trudng hop nguoc lai, Mario sé thua.

a) Hay chi ra rang vé6i (a,b)=(6,14), tdn tai mot s& m dé Mario thua trong trd choi nay.

b) Tim sb luong tht ca cac cap (a,b), voi 1<a<b<100, d& Mario ludn thing theo chién
thudt trén v6i moi sb nguyén duong m.
------------- = HET sssnssecmsmmoms

* Thi sinh KHONG duwoc sir dung 1di liéu va may tinh cdm tay;
* Gidm thi KHONG gidi thich gi thém.




KY THI CHON HQC SINH GIOI QUOC GIA

TRUNG HQC PHO THONG NAM HQC 2025-2026

Mobn: TOAN
Ngay thi: 26/12/2025
Pép 4n gdm 07 trang

Ciu

N§i dung

5
(7,0
diém)

Xét hinh v& sau déy:

B* F

Goi T' 1a tam phép vi tw quay bién AF thanh EA

Khi d6 AT'AF ~ AT'EA . Suy ra, AT'CF ~ AT'BA (do B, C la trung diém cua céc doan
T'B _BA AB

thing EA, AF). Suy ra, T'BA=TCF va = = :
e CF AC

Ta suy ra &t gidc T'BAC 1a tir gidc ndi tiép va didu hoa.
Theo tinh chét cta tt gide didu hoa, AT' 1a duong dbi trung ctia A4BC, hay T'AB = CAM.

Ma T'AB = T'FC va CAM = (Tﬁ’, nén 7'FC = CFP. Ta suy ra 7' thudc PF. Tuong ty, ta
ciing chimg minh duge 7" thude IE. Do do, 7' =T,

Véay T thudc dudng tron (O).

Trude hét, ta c6 bd dé sau day.
B4 8. Cho 2 duong tron (1) va (J) cét nhau tai hai diém phan biét 4, B. Gia s hai diém
P, (& .
C# D khong thuoc hai duong tron va thoa méin e DD kb d6, bén didm
ciJ) Pl)/(.l)
A, B, C, D cung thugc mdt duong tron.

Chitng minh bé dé. Xét hinh v& sau:




Goi E, G lan luot 14 giao diém cta C4 véi (J) va (I); F, H 1An luot 1a giao diém cua
DB véi (J) va (I). Suy ra GH// EF, do cung d6i song voi AB trong t gidc ABCD. T
M=E)—/&, ta suy ra E=D—H—; ma GH va EF song song nén CD song song EF
7)(.‘/(J) DI(J) CE

(dinh ly Thales). Vay CD dbi song AB hay 4, B, C, D cing thudc mot dudng tron. Bb dé
duge chirng minh.

Tré lai bai toan, goi (0,) va (O,) 14n luot 14 cac dudng tron ngoai tiép T4J, TEF. Khi do,

M Pooy _ PA-PJ_ P
731/(()1) IE-IT T ’ ,PP/(OI) PF.PT PT

Goi K 14 giao diém thit hai khac T cta (O,) va (O,). Ap dung Bb dé cho hai dudng tron

u_»

*
IT PT ®)

(0,) va (0O,) (cit nhau tai T, K) va hai diém I, P, ta quy vé ching minh

Vi BI va CP lan luot 14 trung truc clia AE va AF, ta suy ra D 14 tdm dudng tron ngoai
tiép tam gidc AEF va AD 1a dudng kinh cua (0). Taco

W=W+AET+ZI«“\T:@T+E/A\M+}W=2@.
Mit khéc, EDF = 2EAF (do D la tim duong tron ngoai tiép tam giac AEF). Do do,
EDF = ETF va ta suy ra t& gidc ETDF ndi tiép. Vi DE = DF nén D la diém gitta cung
EF . Suy ra, TD 1a phéan gidc géc ITP nén (*) ding, tirc 1& duong tron (T1P) ciing di qua
giao diém T, K ctia (0)) va (O,).

Cho AT cit BC & H. Cho AU cét lai (0), (O,) lan lugt & N, Q. Dé ching minh (TLU)

di qua K, ciing theo Bd dé, ta quy vé chiing minh rang

Prioy _ 7)11/(0.) PN L__T—E :F_—Qy_f = 2L_.——TE = 2@@ o i Ly

Puoy Puoy LE-LF UE-UF ~ 4HB-HC 4XB-XC ~TH CNX

Goi G la giao diém hai tiép tuyén & 4, T cta (O) va OG lan lugt cit AT, AM & W, Y.
Cho AM chtlai (0) & S vake tiép tuyén cua (0) & T, S cdt nhau & R.

2




Cho XY cit AO & Z. Rérang A, G, T, M, O cung thudc dudng tron duong kinh OG. Ta
c6 AMG = TMG =TOG, kéo theo t& gidc OMXY noi tiép. Vi thd nén XY L OG. Hon nita
OG 13 phan gidc trong cua tam gide XOZ nén XY =YZ. Vi XZ// AT nén ta cé
A(TY , XZ)=—1.

Vi AT, AS dang gic trong BAC nén TS// BC va R e OM. Tam gide GOR c6 dudng cao
tai cac dinh G, O cét nhau & X nén XR L OG. Suyra X, Y, R thing hang. D& thiy WO
1a dudng trung binh cua ATD nén Y latrung diém cta doan 4J. Mitkhic X ciing 1a trung
diém cta doan AU nén XY //JU. Tx d6 XR // JU.

Vi A(7S,XD)=-1 nén TNSD didu hoa, kéo theo R, N, D thing hang. Do d6
AND = ZQ\J =90° (g6c chin duong kinh) va JQ // RN (cing vudng goc AU).

Cho TS cit XU & V thi £=Q Cén chiing minh
TH VX
VI UG YO ... .. fi3
—— =—==—= (ddy ty sO0 bang nhau).
X o  yy (481 sO bing nhaw)

S DA ;
Ap dung dinh 1y Pascal cho b (N o T) ta duwoc R, V, J thang hang. Lic nay, theo dinh ly

/\ s
Thales thi ro = -‘Q, ta quy vé chirng minh
VN RN

w_Jg

VX RN S VN-RN =VX - JQ & Sy = Spy <& XR /1 JU.

Két qua cubi ding nén (TLU) di qua K. Vi thé bbn dudng tron da cho cé cing diém chung

tht hai la K khac T.




(6,0

diém)

Xét da thie R(x) :—x3Q(l)=x3 —4x* +5x—1. Ta thy mdi nghiém duong cua Q(x) s&
X

tuwong g véi ding mot nghi¢ém duong ctia R(x).
Ta c6 dao ham R'(x) =3x*> —8x+5.

Nghiém cta R'(x) la x,, =1>0, xop = % > 0.

Ham sb R(x) tang thuc sy trén céc nira khodng (—o0;xgp |, [Xcp;+00) va gidm thue sy trén

doan [xc,) 3 X ]

Khi d6 R(0)=-1<0, R(xz)=R(1)=1>0 va R(xc,.)=R(§)=§—;>0.

Do lim R(x) =+, dd thi ham y = R(x) cét truc hoanh tai mdt diém duy nhét c6 hoanh do

thudc (0;1). Suy ra da thitc R(x) c6 duy nhit mot nghiém duong, kéo theo Q(x) cling ¢6

duy nhét mot nghiém dwong,

Néu P(x) thoa min didu kién thi —P(x) ciling thdéa man nén c6 thé gia str a > 0.
Goi r <s <t 1a cdc nghiém duong ctia P(x). Khi dé P(x)=a(x—r)(x—s)(x—1).

. g1 e . —b g d
Theo dinh lf Vietetacod r+s+t=—>0, rs+st+tr=—>0, rst =——>0.
a a a

Vi P(x) c6 3 nghiém duwong nén ¢ >0, b<0, d <0.
PDitd=a, b=-B, ¢c=C, d=-D,

B D
va S =r+s+t=—>>0, S, =rs+sf+1‘r=£>0, Sy =rst=—>0,
A 4 A

Khi d6, theo bét déng thirc Cauchy-Schwarz, aéy didu kién r, s, 12 3 s6 duong phén biét,
ta nhan duge S, >3S,, S,* >3S,S,.
Theo bét ding thirc AM-GM cho 3 s6 duong phan biét ta cling c6

S, >33[S,, 8, >33s* = 5,5, > 98,
K&t hop lai ta suy ra 34C < B>, 3BD <C?, 94D < BC. (1)
Ta s& chi ra rang S =|a|+|b|+|c|+|a’| = A+ B+C+ D >13. That vay, gia st S <12. Khi do6
vi A,D2>1 nén

2 2 2
9AD<BC$(B;C) < (M_—D) < (2122—_ “ADJ :(6~«/AD)2.

2

Suyra 24D +3+vAD -9 <0, tac la -3 <~ AD <%. Vi 4,D >1 nén ADe{1;2}.

Trudong hep 1: Gidst AD=1. KhidoA=D=1, suyra B+C <10, BC>9.
Do BC>9= B+C>6.Viy B+C e{7;8;9;10}.

Mt khac tir (1) dan téi 3C < B*, 3B <C?, 2)
Do d6 néu trong B, C ¢6 mdt s6 16n hon 3 thi s6 con lai cling 16n hon 3. (*)
Ta xét céc trudong hop sau:

Truong hop 1.1: B+C =77, R3 rang trudng hop ndy khong thda méan (*).
Trwong hop 1.2: B+C =8. Do BC >9 va (*) nén chi c6 cip sb (B,C)=(4,4).
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Tuy nhién khi d6 da thirc P(x) = x* —4x* +4x—1 c6 nghiém hitu ty x =1 nén loai.
Truong hop 1.3: B+C=9. Do BC >9 va (*)nén (B,C)e{(4,5);(5.4)}.
Xét (B,C)=(4,5). Khidé P(x)=x"—4x*+5x—1 c6 P'(x)=3x"-8x+5.

Nghiém cia P'(x) 1a x.p, =1, x¢p =§.
Do P(0)=-1<0, P(1)=1>0, P g) =1—2§—@+§—1 = >0, nén da thic P(x) cé
3) 27 9 3 27

duy nhét mdt nghiém duong, nghiém nay thudc khoang (0;1): loai.
Xét (B,C)=(5,4). Theo cau a) da thire P(x)=x’—5x" +4x~1 co duy nhit mdt nghiém

duong: loai.
Truong hop 1.4: B+C =10. Do BC >9 va (*)nén (B,C) e {(6,4);(4,6);(5,5)}.

Véi (B,C)e{(6,4);(4,6)}: khong thoa mén diéu kign (2) do 3-6 > 4.
D&i v6i B=C=5. Khi d6 P(x)=x"—5x> +5x—1 c6 nghiém hitu ty x=1: loai.
Truwdong hop 2: Gida st AD=2. Suyra A+D=3, B+C<9, BC>94D=18.
Theo AM-GM, ta phai c6 B+C > 2+BC 224/19 > 8.
Vivéy B+C =9, suyra BC < 97:. Dén t6i BC e {19;20}.
DE& thiy truong hop BC =19 khéng théa mén. Vi véy ta phai c6 BC =20, B+C =9, suy ra
(B,C) la mdt hoén vi ctia (4,5), trong khi (4, D) 1a mot hodn vi cua (1,2).
Pé bit ding thic (1) duoc théa mén, ta thiy chi co thé xay ra cdc kha ning sau:
(4,B,C,D)=(1,4,5,2) hodc (2,5,4,1). Tuy nhién, trong hai trudng hop nay, hai da thire
P(x)=2x"-5x" +4x—1 va P(x)=x" —4x* +5x -2 déu c6 nghiém hitu ty x=1: loai.
Nhu vy ta phdi c6 S =A+B+C+D>13, Taduaraviduvéi S=13.
Xét (4,B,C,D)=(1,5,6,1), khi d6

P(x)=x"-5x*+6x—1.
Do P(0)=-1<0, P()=1>0, P(2)=-1<0, \li,rf},, P(x) =+oo,nén theo dinh ly Bolzano, da

thirc bic ba P(x) cé ding 3 nghiém duong phéan biét x,, x,, x;, véi 0 <x, <l <x, <2<X;.
R3 rang, theo tidu chuin Eisenstein, P(x) khong c6 nghiém hitu ty vi hé s6 tu do ctia da thire
monic P(x) bang —1, hon nita P(+1) # 0.

Vay S . =13.

min

7

(7,0
diém)

a

Chon m =18. Khi d6 Mario s& nhay xa dugc ding mot 1dn voi d6 dai b =14 (mét). Can phai
di chuyén thém 1814 = 4 (mét), khdng du cho mot lan nhay véi d6 dai a =6 (mét), nén
Mario cin phai nhay thém 4 1dn, mdi l4n véi d dai [ mét. Vi vay Mario phai nhiy dung S
lan,

Trong khi d6, cé cach khéc chi sau 3 l4n nhay, mdi lan v6i d6 dai 6 mét dé dén dich véi

khoang cach 18 mét, va do d6 Mario s& thua.
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Ta goi mdt cép (a,b) la Tét, néu Mario ludn thédng v6i moi s6 nguyén dwong m. Trong
truong hop nguoc lai, tic la néu tdn tai mot sb nguyén duong m sao cho Mario thua, thi ta
néi (a,b) 1a Khong tot.
Bo dé. Cap (a,b) 1a khong t&t khi va chi khi tdn tai sb nguyén n 22 sao cho
(n—-Da<b<n(a-1).

Chitng minh bé dé.
Piéu kién di. Gia st (n—1)a<b<n(a—1). RS rang khi d6 a>n. Cho m =na, khi dé
Mario s& nhay mot 1dn v6i d6 dai b mét. Khoang cach con lai cAn phai di chuyén 14
na—be [n;a), nén Mario s€ phai nhay thém it nhét » 14n, mbi 14n 1 mét. Tdng cdng Mario
phai nhay it nh4t n+1 l4n. Tuy nhién c6 cach khéc dén dich véi » 1an nhdy, mdi [An a mét,
do d6 Mario s€& thua.
Diéu kién cdn. Gia stt (a,b) 1a mot cip khong tdt, do d6 co cach nhay dén dich véi sb lan
nhay it hon céch cia Mario. Goi sb 1in nhay tuwong tng (b,a,1) mét cha Mario 1a
(%, 9,,2),% 20,y, 20,z >0. Suy ra ton tai mot by (x,,,,2,) khéc gdm cac sb nguyén
khong 4m thda mén

xb+ya+z =xb+ya+z

Nt tz >x,+ )y, +2z

X 22X,
Tir céc hé thire trén suy ra (x, —x,)b+ (¥, — y,)a =z, —z, <(x, = x,)+ (¥, = »,).
Do d6 (y,—y,)(d—a)>(x, —x,)(b—1)=0. Vi a>1 suyra y, <y,.
Ngoai ra khong thé xay ra trudng hop x, =%, vi khi d6 ta phdi c6 danh gid
z, -2, =(y,—y)a>a, ddntéi z >a: mau thuln véi cach choi ctia Mario.
Vi vy ta c6 hé thire (x, —x,)b+(z,—2,) = (¥, — y)a.
bitr=x,-x,eZ', u=y,-y €', v=2-z2,€Z. Suyra {fb+v:ua.

r+v>u
Theo c4ch nhdy xa ctia Mario, tacé v=z, -z, <z <a. Do dé
wa—a<ua—-v=tb<ua+t-u,

dan t6i (u—1)a <tb <u(a—1)+t. Chia ca hai vé cho ¢> 0 ta nhan duoc

ir_—la<b<lt—((a—l)+1.

u—1

u - .U A A
~—]=neZ+, suy ra (n—1)<—t— va 73;7. Do b la so0 nguyén duong, ta suy ra

Dt [
!

(n-Da<b<n(a-1). Do n2 _b—l >1 nén n>2. B6 d& dugc ching minh.
a_

Bay gid, véi mdi b>3 cb dinh, ta dém sb cip (a,b) tbt. Tir BS d& trén ta thdy ring (a,b) 1a

R TN CoA L A b b
khong tot khi va chi khi ton tai s0 nguyén n>2 sao cho —+1<a< N
n n—
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Vi (n—1)a <n(a—1) suyra n<a. Tird6 véi (a,b) 1a khong tdt, phai cé6 n(n—1) <b.

Goi ! 1a s6 nguyén dwong sao cho I(I—1) <b <I(I+1). Khidé 2<n<[. Vivaycip (a,b) la
khéng t8t khi va chi khi 2<a<bva aeS, & d6 tdp S 1a hop cia (/—1) khoang d6i mot
khong giao nhau sau day:

R ?-+1; b u[ b +1; b ju 2+1;2 U[éﬂ;bjs
I 1-1 I-1 "1-2 32 2

Do d6 cip (a,b) latbtkhivachikhi 1<a<b va aeS. D&thdy véimoi k, 3<k <1, ¢ duy

nhit mot sb nguyén dwong a =[-k—b~1] nam gitta hai khoang lién tiép [k—b—l+1;] b 2],
— c —

[% +1; : z 1) va khong thudc hai khoang nay.
C p—

Téng cong c6 (I-2) sb a nhw vy. Ngoai ra, cé [?]—1 s6 a théa min 1<a <—l[1+1.Véri

mdt s6 b <100 cb dinh, c6 H]—H(l—z):[ﬂ (1-3) = K(b) cip (a,b) tbt.
I+1-3=2]-3, I(l-D<b<l?
I+1+1-3=21-2, I’ <b<I(+])

100

Do d6 58 cgp tdt véi 1<a<b <100 la 7= ([24b ]-3).
b=3

Nhan thdy K(b):{ . Suy ra K(b) :[2«@]—3.

Nhan xét réng véi 91<b <100, [MZ ] =20. Do do
90
7 =(20—3)-10+;([2ﬁ]—3).

bat [2«,/3] =c¢, suyra 4<c¢<19. V&i mdi sb ¢ ¢b dinh, ta c6 [2\/31 =c¢ tuwong duong vai

c— 1 2 2
c—1<2\/z.<_c<:>£—)<b£c—. @)
4 4
Bing céch xét tinh chfn 1& cua ¢, ta thdy c6 tat ca [gJ s6 b thoa mén (*) voi mbi sb ¢ cb

dinh. Vi vay, nu dat d = EJ ta c6

T =170+i(c—3)5J =170+i(2d~3)d+i(2d—2)d
c=4 d=2

=2

9 9 9 9 9
=170+ (4d—5)d =170+4Y d* ~5Y d =170+4Y d* -5 d —4+5
d=2 d=2 d=2 d=1 d=l1

9:10:19 _ 9-10

=171+4. 5 : =171+1140-225=1086.

DPap sb: 1086 cap.

HET




